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We present measurements of the dynamical response of thermal noise to an ac excitation in
conductors at low temperature. From the frequency dependence of this response function - the
(noise) thermal impedance - in the range 1 kHz-1 GHz we obtain direct determinations of the inelastic
relaxation times relevant in metallic wires at low temperature: the electron-phonon scattering time
and the diffusion time of electrons along the wires. Combining these results with that of resistivity
provides a measurement of heat capacity of samples made of thin film. The simplicity and reliability
of this technique makes it very promising for future applications in other systems.
PACS numbers: 72.70.+m, 05.40.-a, 07.57.Kp, 73.23.-b
Energy relaxation of electrons in a conductor is a very
important issue both on an applied and fundamental
point of view. For example, the energy relaxation rate de-
termines the bandwidth of hot electron bolometers used
to detect electromagnetic radiation through heating of
the electron gas [1]. Hence, we can distinguish between
devices where relaxation processes are due to electron-
phonon coupling (phonon cooled [2]) and devices where
the electron gas cools down by out diffusion of hot elec-
trons in reservoirs (diffusion cooled [3]). In the former
devices, the relevant inelastic time is the electron-phonon
scattering time τe−ph while in the latter it is the diffusion
time τD.
On a fundamental point of view, inelastic times are
key parameters for example for quantum correction to
electron transport, electron localization at low tempera-
ture [4] and non-equilibrium effects [2]. Usual transport
measurements such as conductance versus temperature
fail to give access to the energy relaxation dynamics. At
high temperature the conductance of a metal is usually
determined by electron-phonon interaction, but τe−ph is
so short that it is not accessible through transport and
one has to use ultrafast optical methods to measure it
[5]. At low temperature in disordered conductors, the
conductance is determined by the elastic mean free path,
and independent of electron-phonon interactions. As a
consequence, inelastic times are not determined directly.
They are obtained as fitting parameters in measurements
of weak localization corrections to conductance [6, 7] (in
normal metals or superconductors above Tc) or in tun-
neling experiments which access the energy distribution
function [8]. A direct determination of inelastic times
would provide a way to better test theories of quantum
transport at low temperature.
Directly observing energy relaxation requires monitoring
the energy or temperature of the electrons. This is pre-
cisely what we have done by measuring the amplitude of
the temperature oscillation of metallic wires heated by an
ac Joule power. This is a measurement of the frequency
dependent thermal impedance between the electron gas
and the relevant thermal reservoirs, here phonons and
electrical contacts. To measure the electron temperature
on a short time scale we have used Johnson noise de-
tected at high frequency, i.e. we have measured the noise
thermal impedance introduced in [9]. As we show below,
from these measurements we deduce the temperature-
dependent electron-phonon scattering time as well as the
diffusion time in samples of different lengths and made
of different materials. Combining these results with that
of conductance, we deduce the heat capacity of the sam-
ples, which would be completely undetectable using con-
ventional methods because of their small value. In the
following we discuss the theoretical expectations for the
frequency dependence of the thermal impedance in the
limits of phonon cooling and diffusion cooling. Then we
describe the experiment and discuss the results: thermal
impedance, relaxation rate and heat capacity.
We consider conducting wires heated by Joule power
oscillating at frequency f with an amplitude δPJ(f),
which induces a modulation of the electron temperature
at the same frequency δTe(f). The thermal impedance
R(f) is defined by δTe(f) = R(f)δPJ(f). R(f) is a com-
plex quantity since at finite frequency there is a phase
shift between the power and temperature oscillations. At
zero frequency, R(f = 0) is simply the inverse of the usual
thermal conductance Gth.
The frequency dependence of R(f) has been calcu-
lated for a metallic wire in different regimes [9]. For
long enough samples the energy relaxation of the electron
gas is dominated by electron-phonon interactions. This
occurs when L  Le−ph where Le−ph is the electron-
phonon scattering length given by L2e−ph = Dτe−ph with
D the diffusion coefficient. The electron temperature Te
is uniform along the sample and obeys:
Ce
∂Te
∂t
= PJ(t)− Pe−ph (1)
where Ce is the heat capacity of the electron gas, and
Pe−ph is the electron-phonon cooling power. The thermal
impedance R(f) is given by:
R(f) =
G−1e−ph
1 + 2ipifτe−ph
(2)
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2FIG. 1. Experimental setup. Diode symbol represents a
power detector. VNA=Vector Network Analyser
where Ge−ph =
dPe−ph
dTe
is the thermal conductance be-
tween electrons and phonons.
For shorter samples L  Le−ph electron-phonon pro-
cesses are inefficient and the energy relaxation is domi-
nated by diffusion of hot electrons into the contacts. This
cooling mechanism is more important close to the con-
tacts so the temperature Te(x) is not uniform along the
sample even though the ac heating is. The local electron
temperature Te(x) [10] obeys the heat diffusion equation:
Ce
∂Te(x, t)
∂t
= PJ(t) +
∂
∂x
(GWF (x, t)
∂Te(x, t)
∂x
) (3)
where GWF is the heat conductance related to the electri-
cal conductance through the Wiedmann-Franz law. This
equation has been solved in [9] to give the full frequency
dependence of R(f). Here R measures the response of the
average temperature of electrons along the wire to the ac
heating. We have checked that the frequency dependence
of |R(f)|2 is extremely well approximated by a Lorentzian
decay with a characteristic frequency ' 10.01/τD. As a
result, both for L Le−ph and L Le−ph, we expect a
response function of the form:
|R(f)|2 = R(0)
2
1 + (2pif/Γ(Te))2
(4)
where Γ the energy relaxation rate depends on the re-
laxation process. The frequency dependence of R(f) is
a direct probe of Γ without any assumption about Ce as
in previous work [11]. On the contrary, Ce can be deter-
mined by combining measurements of R(f) at low and
high frequency.
In the presence of several relaxation processes, the
fastest relaxation usually dominates. Since τe−ph is
strongly temperature dependent and diverges at low tem-
perature whereas τD is temperature independent, the en-
ergy relaxation is dominated by electron-phonon coupling
at high temperature (τe−ph  τD) and diffusion at low
temperature (τe−ph  τD). Our measurement allows
continuous monitoring of Γ as a function of temperature.
We have measured Γ(Te) for six samples made of dif-
ferent metals (Al, Ag) and different geometries (the Al
has been kept in its normal state with the help of a strong
Neodymium permanent magnet). The wires have length
L ranging from 5 µm to 300 µm and thickness d of 10
nm for the shortest and 20 nm for the others, see Table
I. The width has been adjusted to obtain a resistance of
the order of 50 Ω for impedance matching purpose. The
contacts, made of the same metal as the wires, are much
larger(400 µm× 400 µm) and thicker (200 nm) to make
sure they behave as electron reservoirs (for discussion on
non perfect reservoirs see [12]). Samples from 5 µm to 25
µm have been made by e-beam lithography and the metal
has been deposited by double angle evaporation [13, 14].
In this process we first evaporate the wire followed by
the contacts without breaking the vacuum, thus prevent-
ing the growth of an oxide at their interface. Samples
1 and 2 have been made in two photo-lithography steps.
A first one to make the wire and a second one for the
contacts. The native oxide that develops on the wire be-
tween the two processes has been removed by ion milling
before evaporating the contacts.
The experimental setup is presented in Fig. 1. The
sample, placed at the 10 mK stage of a dilution refrig-
erator, is dc and ac biased through the low frequency
port of a diplexer by a time dependent voltage V =
V0 + δV cos(2pift) with δV < V0. The dc part V0 is used
to control the sample mean electron temperature through
a constant Joule heating PJ = GV
2
0 and allowed us to
work between ∼ 50 mK and ∼ 2 K. The superimposed
ac power at frequency f , δPJ(t) = 2GV0δV cos(2pift)
modulates the electron temperature of the sample. To
detect this temperature, we measure the rms amplitude
of the voltage fluctuations (Johnson noise) generated by
the sample. Indeed, the noise spectral density of voltage
fluctuations SV is related to the electron temperature by
SV = 4kBTe/G. The voltage fluctuations are measured
in the frequency band ∆F ' 1.5−5 GHz (high frequency
port of the diplexer) and amplified by a cryogenic ampli-
fier placed at the 3 K stage of the dilution refrigerator.
Their rms amplitude is detected by a power meter (diode
symbol in Fig. 1) whose response time τdet ∼ 1 ns limits
the maximum frequency at which the noise modulation
can be detected, f <∼ 1 GHz. The detected power Pdet
contains the noise generated by the sample and the am-
plifier. Its oscillation at frequency f , δPdet(f), detected
with a vector network analyzer (VNA), is given by:
δPdet(f) = η(f)R(f)δPJ(f) (5)
where η is the response function of the detection chain
(which frequency dependence is dominated by the re-
sponse time of the power detector) and δPJ(f) the ac
Joule power dissipated in the sample (note that due to
imperfections and attenuation in the excitation line, the
ac voltage across the sample is not known). Both need
to be calibrated to extract R(f). In order to determine
3Sample L w d R A n D τD
(µm) (µm) (nm) (Ω) (108s−1K−n) (10−3 m2/s) (µs)
1(Al) 310 20.7 20 41.0 1.8± 0.1 2.60 ± 0.05 5.2 ± 0.3 66 ± 6
2(Al) 53.4 5.6 20 134 1.72± 0.03 2.89 ± 0.04 1.01 ± 0.07 2.85 ± 0.08
3(Al) 25.6 2.63 10 104 3.65± 0.04 2.88 ± 0.03 2.8 ± 0.3 0.233 ± 0.003
4(Al) 13.4 2.9 10 57.3 6.04± 0.09 2.76 ± 0.05 2.4 ± 0.4 0.0562 ± 0.0006
5(Al) 5.36 0.35 10 80.0 5.70± 0.37 2.87 ± 0.09 5.7 ± 0.7 0.0069 ± 0.0001
6(Ag) 50 1.5 15 28.61 1.50± 0.06 3.40 ± 0.10 29.0 ± 6.0 0.134 ± 0.002
TABLE I. Sample parameters. L is the wire length, d is the thickness, w is the width, R the resistance, A and n are the
parameters of the Eq. (7). D is the diffusion coefficient calculated with σ = n(EF )e
2D where σ is the conductivity, e the
electron charge and n(EF ) the density of state at Fermi level. τD is the diffusion time extracted from R(f) measurements.
Γ(Te), it is enough to know the frequency dependence
of R(f), not its absolute value. Thus we consider the
normalized thermal impedance:
R(f)
R(0)
=
η(0)
η(f)
δPJ(0)
δPJ(f)
δPdet(f)
δPdet(0)
= Λ(f)δPdet(f) (6)
At high temperature the frequency dependence of R(f)
is given by the electron-phonon scattering rate which in-
creases with temperature (Γ(Te) = τ
−1
e−ph = A× Tne with
n ' 3) [15]. Thus for Te >∼ 3 K R(f) is frequency inde-
pendent below 1 GHz and the observed frequency depen-
dence of δPdet(f) reflects only that of the setup, which
allows the determination of Λ(f).
Experiments have been performed at a phonon temper-
ature of 10 mK. To make the link between the applied
bias V0 and the electron temperature we first measured
the noise of the sample at low frequency (1.5 GHz) at
equilibrium (no bias) as a function of the temperature
Te, as well as the noise at base temperature as a func-
tion of V0. From these two measurements we deduce the
link between applied voltage and electron temperature,
i.e. how much voltage V0 is needed for the sample to
generate as much noise as when it is at equilibrium at
temperature Te. We verified that even on the shortest
sample, heating by applying a dc voltage or by increas-
ing the overall temperature of the dilution refrigerator
leads to the same Γ(Te).
In Fig. 2, we present the normalized thermal impedance
versus frequency for sample 2 for electron temperatures
between 53 mK and 1.04 K. The symbols are the experi-
mental data and the black dashed lines the fits according
to Eq. (4). The frequency dependence of |R(f)|2 is very
well fitted by a Lorentzian, Γ(Te) being the only fitting
parameter. We have performed this experiment for all
the samples of Table 1 and extracted Γ(Te) on 5 orders
of magnitude.
We present in Fig. 3 the measured relaxation rates as a
function of electron temperature for all the wires. At low
temperature we observe a plateau, the relaxation rate
does not depend on temperature. In this limit only dif-
fusion cooling occurs, and Γ(Te) ' 10.01/τD. At high
temperature the observed Tne dependency is character-
istic of an electron-phonon cooling process [15]. In [16]
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FIG. 2. Amplitude of the normalized thermal impedance as
a function of frequency for sample 2. The symbols are the
experimental data and the dashed lines are fits according to
Eq. (2). The different curves correspond to different electron
temperatures from '50 mK to '1 K.
the dynamic has only been calculated in the electron-
phonon cooling or diffusion cooling regimes and not dur-
ing the crossover. We thus assume that the frequency
dependence of |R(f)|2 follows a Lorentzian even during
the crossover between the two regimes with a relaxation
rate given by the sum of the relaxation rates of the two
processes:
Γ(Te) ' 10.01
τD
+ ATne . (7)
Dashed lines in Fig. 3 are fits according to Eq. (7). The
parameters A, n and τD extracted from the fits are sum-
marized in table I.
The plateau observed in Γ(Te) at low temperature,
see Fig. 3, provides a direct determination of the dif-
fusion time τD as a function of sample length. We ex-
pect τD = L
2/DE where DE is the energy diffusion co-
efficient, since our experiment probes energy relaxation.
On the other hand the Einstein relation σ = κe2Dq re-
lates the conductivity σ to the charge diffusion coefficient
Dq, with κ the electronic compressibility, which reduces
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FIG. 3. Energy relaxation rate as a function of electron tem-
perature for all the samples. Dashed lines are fits according
to Eq. (7)
to the density of state at Fermi energy n(EF ) for non
interacting electrons. At low temperature, since diffu-
sion is the only way energy can be relaxed, one expects
Dq = DE = D according to the Wiedemann-Franz law.
Thus, taking n(EF ) in the free electron approximation,
one deduces D from the conductivity. Accordingly, we
plot the product DτD vs. L on the inset of Fig. 4 for all
the samples. One clearly observes DτD = L
2 (solid line)
except for the longest Al wire [17].
At high temperature the relaxation is dominated by
electron-phonon interaction [18] and Γ(T ) = ATne . We
find n ' 3 (see Table I), the expected value for three di-
mensional phonon bath in the clean metallic limit [6, 15].
In previous experiments, τ−1e−ph has been reported to be-
have as Tne with n ranging from 2 to 4 depending on the
nature of the disorder [11, 19–24]. Disordered gold wires
have been observed to behave as T 2.9e below 1K [23]. As
far as we know, electron-phonon relaxation rates of Al
and Ag have not been measured below 1K, a tempera-
ture range hardly explored [11, 23, 24].
While the frequency dependence of the ratio
R(f)/R(0) provides a calibration-free method to deter-
mine the energy relaxation rate of the electrons, the mea-
surement of R(f) with absolute units contains more in-
formation. At low frequency, R(0) = dTe/dPJ is de-
duced from the voltage dependence of the temperature
Te. In the phonon cooled regime R(0) = G
−1
e−ph. Com-
bining this measurement with that of the scattering time
τe−ph one can determine the electronic heat capacity
Ce = Ge−phτe−ph. We show on Fig. 4 (red symbols)
the heat capacity of sample 2 in which electron-phonon
dominates above 0.3 K, see Fig. 3. In the diffusion
cooled regime the electronic heat capacity is determined
by Ce = GthτD. Gth can be determined from R(0)
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FIG. 4. Electronic heat capacity of sample 2 as a function of
temperature. Red triangles are obtain from Γ(Te) and R(0)
in the phonon cooled regime. Green triangles are obtain from
τD and G in the diffusion cooled regime. Dashed line is the
expected value for the free electron gas. Inset: product of the
diffusion coefficient D with the diffusion time τD as a function
of wire length. The symbols are the experimental data, the
dashed line is L2.
(i.e., calibrated dc noise measurement) or from the elec-
trical conductance G using the Wiedmann-Franz law.
Green symbols on Fig. 4 show Ce in the diffusion cooled
regime obtained by combining thermal impedance mea-
surements and conductance measurements. We observe
that these two limits coincide and are in good agreement
with the free electron model (dashed line) [25]. Note that
for our shortest sample (sample 5) at 50 mK we have been
able to detect an extremely small value of the heat capac-
ity ∼ 2.10−19 J.K−1 which is orders of magnitude lower
than what is done using usual thermodynamic techniques
[26]. We have determined Ce(Te) in two limits. A theory
for the full temperature dependence of R(f) is required
to extract Ce(Te) in the whole temperature range.
We have demonstrated a sub-kelvin direct measure-
ment of inelastic times in wires made of simple metals,
which provides the determination of the electron-phonon
scattering time, the diffusion time and the electron heat
capacity of the sample. Our approach is however ex-
tremely versatile, and of great interest to study interac-
tions and electron diffusion in modern materials. The
measurement of the relaxation rate as a function of tem-
perature or magnetic field could give a strong insight
into the electron-phonon mechanism in graphene [27] and
topological materials [28]. The direct determination of
the diffusion time would play a pivotal role in the study
of transport in materials such as quasi-crystals or thin
films with fractal geometry, for which a deviation from a
quadratic scaling of τD with the length of the sample is
expected [29, 30]. Finally, our technique will allow the
5measurement of the electron heat capacity where con-
ventional techniques simply do not work, in particular
in samples which do not exist in bulk (nanowires, disor-
dered thin films, 2D electron gas in heterostructures with
strongly correlated materials).
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